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Defining the Theory Problem
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Ground state energies, Magnetic and spin orders and
correlations. Magnetization measurements: SQUID
Superconducting orders and gaps. Superconducting gaps:
Andreev spectroscopy
A(k , ω). ARPES measurements
N(r , ω). STM measurements
S(k , ω). neutron scattering measurements
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The Exponential Problem in Second Quantization
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Example: 6 sites, 2 electrons leads to C6
2 = 15 states
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DMRG: Idea and Applications

What does exponential mean?

Assume Nf “flavors” or orbitals (including spin), N sites
Assume no symmetries (won’t change the argument much)
Then complexity is 2N×Nf .
Assume a more or less realistic problem: Nf = 10, N = 10
Exact diagonalization would take ≈ 106 billion years to
complete
Problem not even in NP (!)
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DMRG Basics: Wilson’s RG
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DMRG Basics

system environment

Algorithm: “Density Matrix Renormalization Group” [White,
PRL ’92 and PRB ’92]

Discard (an exponential number of) states. Keep m states
in Hibert space at all times.
Controlled error, exponentially decaying with m for most 1D
systems.
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The Exponential Problem
DMRG: Idea and Applications

Why does the DMRG work...
...when it does, and doesn’t when it doesn’t?

How fast?

αstates

drop these

consider these

(r
an

k
in

g
)

ρ

A B
system environ. }Ly

How much entanglement between A and B?

A: Roughly equal to the area between A and B.
1D: Entropy→ S ≈ 1→ complexity = expS = const .
2D: Entropy→ S ≈ Ly → complexity = expLy = exponential
You: Hey! You’re handwaving!
Me: OK, OK, see: [J. Eisert et al., Rev. Mod. Phys., 2010]
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Applications of the DMRG

Spin systems (quantum Heisenberg model, etc.)
Fermionic systems (Hubbard, t-J, etc.)
Quantum chemistry,
[White and Martin, J. Chem. Phys. 1999]

Polymers, [LetPetit and Pastor, PRB 1997]
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DMRG vs. QMC

Only two non-perturbative methods

Item DMRG QMC
Complexity Pol. in 1D, Exp. in 2D Pol., Exp. if SPa

Real time and freq. Yes No
Finite temperature Maybe Yes
Active Research Yes Yes

aSP stands for Sign Problem
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Temperature
Dynamics

G. Alvarez http://www.ornl.gov/~gz1/

http://www.ornl.gov/~gz1/


Introduction
DMRG Topics

Summary

Time Evolution
Temperature Dependence
Dynamics

Time Evolution

Problem: To compute things like this:
〈φ|eiHtA0,π(0)A1,π(1) · · ·Aa−1,π(a−1)e−iHt |φ〉 with
|φ〉 = Bb−1,π′(b−1) · · ·B1,π′(1)B0,π′(0)|ψ〉

Solution: To target multiple states, like exp(iHt) · · · |φ〉

Time propagation of an electronic excitation

right leadMIleft lead

τ>0

...

...

...

...

...

...

...

...

τ<0

τ=0

[From L.G.G.V. Dias Da Silva et al., PRB 2010]
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Time Evolution: Accuracy

0 1 2 3 4 5
time

0.00

0.05

0.10

0.15

0.20

0.25

n
(t

im
e
)

31 7 95

0 2 4 6 8

0 1 2 3 4 5

time 
0.00

0.05

0.10

0.15

0.20

0.25

n
(t

im
e
)

CHAIN

0.00

0.20

0.40

0.60

0.80

1.00

<
h

d
i,

jex
p

(-
iH

t)
n

d
p
 e

x
p

(i
H

t)
 h

d
i,

j>

p=2 exact

p=2 DMRG

p=4 exact

p=4 DMRG

p=5 exact

p=5 DMRG

0 1 2 3 4 5
time 

0.00

0.20

0.40

0.60

0.80

(a) U = 0

(b) U = 10

[Alvarez et al, http://arxiv.org/abs/1103.5391]
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Time Evolution: Mott Insulators for Solar Cells1

Our theory work:
Past:[Dias Da Silva, PRB 2010]

Present: Layered geometries

1See [E. Manousakis, PRB 2010]
for a review and references therein
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Temperature T = 1/β

Problem: At T > 0
mixing of states leads to
entanglement. Z =∑

E exp(−βE)|E〉〈E |

Old solution: Purify
states...too costly [todo:
Add reference here]

New Solution: Minimally
entangled typical
thermal states (METTS)
[S. R. White, PRL 2009] [U. Schollwöck, Physics 2, 39

(2009)]
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Application: Iron Pnictides Superconductors

Why Fe-based superconductors?
Because spin flipping terms in Hamiltonian make it difficult for
quantum Monte Carlo

[from M. Johannes, Physics 2008]

[from CNMS user project, Xavier et
al., PRB 2010]
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Dynamics: Use DMRG as an cluster solver
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Emergence: Electronic Inhomogeneities in Cuprates

Spin and charge stripes, [Tranquada et al., ’95; Mook et al., ’00]
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Checkerboard charge modulations,
[Hanaguri, Davis et al., ’04]

Random superconducting gap modulations,
[Lang, Davis eta l., ’02; Gomes, Yazdani et al., ’07]

Bi-2212 therefore shows a tendency towards checkerboard elec-
tronic modulations when HTSC is suppressed. However, it is
unclear whether these checkerboard modulations in Bi-2212 rep-
resent a true electronic phase, because they exhibit2–4 (1) a variety of
doping-dependent incommensurate wavevectors, (2) very weak
intensities, and (3) short (,8 nm) correlation lengths within the
nanoscale disorder4–7. Furthermore, their atomic-scale spatial and
energetic structures are unknown, presumably because of disorder4–7

and/or thermal energy smearing DE < 3.5kBT < 30meV at
T < 100K (ref. 3).
To search for electronic order hidden in the pseudogap while

avoiding these uncertainties, we decided to study a simpler and less
disordered copper oxide at lower doping and temperature.We chose
Ca22xNaxCuO2Cl2 (Na-CCOC), a material whose parent com-
pound Ca2CuO2Cl2 is a canonical Mott insulator8. Within its
undistorted tetragonal crystal structure (Fig. 1b), all the CuO2

planes are crystallographically identical. Sodium substitution for
Ca destroys the Mott insulator state, producing first a nodal metal9

in the zero-temperature pseudogap (ZTPG) regime, and eventually
HTSC for x $ 0.10 (refs 10, 11). Crucially, Na-CCOC is easily
cleavable between CaCl layers to reveal an excellent surface. Initial
STM studies showed clean, flat CaCl surfaces (with traces of
nanoscale electronic self-organization) which exhibit a V-shaped
spectral gap for jEj , ,100meV (ref. 12).
Our studies used Ca22xNaxCuO2Cl2 samples with Na concen-

trations x ¼ 0.08, 0.10, and 0.12 and bulk Tc < 0, 15 and 20K
respectively. Atomically flat surfaces are obtained by cleaving below
20K in the cryogenic ultrahigh vacuum of a dilution refrigerator.

Figure 1d shows a typical topographic image of the CaCl plane with
inset showing the quality of atomic resolution achieved throughout.
These surfaces exhibit a perfect square lattice, without discernible
crystal distortion or surface reconstruction, and with lattice con-
stant a0 in agreement with X-ray diffraction (3.85 Å).

To image the electronic states in Na-CCOC, we use spatial- and
energy-resolved differential tunnelling conductance, g(r, E ¼ eV s),
measurements from STM. For a strongly correlated system such as a
lightly doped Mott insulator, g(r, E) is proportional to the momen-
tum-space integrated spectral function at r (ref. 13), rather than
LDOS(r, E). Nevertheless, g(r, E) measurements remain a powerful
tool for determining atomic-scale spatial rearrangements of elec-
tronic structure.

The properties of g(r, E) should be determined primarily by states
in the CuO2 plane because the CaCl layers are strongly insulating. In
support of this, we find thatmissing surface atoms (arrow in Fig. 1d)
do not affect g(r, E). A typical spatially averaged spectrum kg(r, E)l
for x ¼ 0.12 is shown in black in Fig. 1c. The high energy
conductance for electron extraction is ,5 times greater than that
for injection and this ratio grows rapidly with falling doping
(Supplementary Fig. 1). Such strong bias asymmetries in conduc-
tance have long been anticipated. This is because, in a lightly hole-
doped Mott insulator, the reservoir of states from which electrons
can be extracted at negative sample bias is determined by 1 2 p,
while that of hole-states into which electrons can be injected at
positive sample bias is determined by p, where p is the number of
holes per CuO2.

For jEj , 100meV, a slightly skewed V-shaped gap, reaching very

Figure 1 Atomic-scale explorations of electronic states in Ca22xNaxCuO2Cl2. a, A
schematic phase diagram of hole-doped copper-oxides showing the Mott insulator, high-

T c superconductor (HTSC) and metallic phases along with the ‘pseudogap’ regime and

the ZTPG line. b, Crystal structure of Ca22xNaxCuO2Cl2. Red, orange, blue and green

spheres represent Ca(Na), Cu, O and Cl atoms, respectively. Conducting CuO2 planes are

sandwiched by insulating CaCl layers. c, A characteristic spatially averaged tunnelling

conductance spectrum of x ¼ 0.12 Na-CCOC. The large particle–hole asymmetry in

conductance at high energies can be associated with the light doping of a Mott insulator

(see text). At low energies a skewed V-shaped gap exists. At energies below ,10meV,

changes occur in the spectra of superconducting samples (see Supplementary Fig. 5).

The spectrum measured on equivalently underdoped Bi-2212 is shown in blue. d, High-
resolution STM topograph of the cleaved CaCl plane of a crystal with x ¼ 0.10. The

perfect square lattice, without discernible bulk or surface crystal reconstructions, is seen.

The image was taken at a junction resistance of 4 GQ and sample bias voltage

V s ¼ þ200mV. e, The conductance map g(r, E) at E ¼ þ24meV in the field of view of

d. It reveals strong modulations with a 4a 0 £ 4a 0 commensurate periodicity plus equally

intense modulations at 4a 0/3 £ 4a 0/3 and strong modulations at a 0 £ a 0. All data in

this paper are acquired near T ¼ 100mK in a dilution refrigerator-based scanning

tunnelling microscope.
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An emerging object

Reductionism
Fuzziness (not well
defined)
Independent reality
instead

2[From D. Wallace, Decoherence and Ontology, in Saunders, Barrett, Kent,
and Wallace (ed.), Many Worlds? Everett, Quantum Theory, and Reality,
Oxford University Press, Oxford, 2010]
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